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1 Notes

In magnetostatics, we shall analyse how moving charges generate fields, which will influence the
movement of other charges via the Lorentz force.

1.1 Magnetic Fields

Similar to how static charges produce electric fields, moving charges also produce magnetic fields.
As a result, currents also produce their own magnetic fields, due to the movement of electrons
within the wires.

We denote the magnetic field in a region of space as B, for historical reasons — when Maxwell
was working on electromagnetism, he assigned vector quantities in alphabetical order, and B
was what magnetic fields were assigned! Similarly, we denote the magnetic force on a particle by
F' g, but we shall discuss the magnetic force later. The magnetic field is also sometimes called
the magnetic flux density.

1.1.1 The Biot-Savart Law

The Biot-Savart law allows us to determine the magnetic field in a region of space due to a
steady current or a moving charge. The law states that for a steady current I, the magnetic field
at any position r due to the current is given by

Mo Ids xr' 1)
4m wire |I'/’3

Here, the integral is taken over the length of the wire, ds is a vector on the wire pointing in
the direction of conventional current of the wire, with magnitude the length of the differential
element of the wire, and r’ is the displacement vector pointing from the position of the differential
element to the position of interest r.

Alternatively, if we know the current density J at every point in space, we can also express the

magnetic field as
140 Jxr
B="— ——d 2
w .

where the integral is taken over a region of space and dV is a differential volume. It should not
be difficult to see why the two forms are equivalent.

The use of this law is best illustrated with an example.

Example 1.1. Using the Biot-Savart law, find the magnetic field, magnitude and direction, due
to an infinite straight wire carrying current I at a distance r from the wire.

N

-0 L +00

Let the wire lie on the x-axis with current pointing in the +x direction, and let the point of
consideration be (0,7). We have that
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The integral can be evaluated relatively easily (by a trigonometric substitution) to be equal to
T%, so we have

g tolrk2 _ polp
A4 r2  2mr

The magnitude of the magnetic field is B = % To describe the direction, we can use the right-

hand rule, which allows us to describe the direction of the magnetic field due to a current-carrying
wire.

By pointing our right thumb in the direction of current, curling our remaining fingers gives us
the direction that the magnetic field points. This essentially describes the cross product for us.
The result we have just derived is useful to memorise as it is quite common. We will see a few
more of them later.

The Biot-Savart law also states that for a moving charge ¢ with velocity v, the magnetic field at
any position due to the moving charge is

fio qv X 1’
S WAL 3
dr /|3 )

Example 1.2. An electron of charge —e starts at the origin at t = 0 and moves with speed v
along the —z-direction. Find the magnetic field at the point (0,y) as a function of time.
This is a straightforward application of the law,
B_ Mo (—e) (—vi) X (vti + y_]) B Loevy 0
= PUNE = 3
T i i (212 +7)

Note the similarity between this example and the last — the directions are the same because
electrons flow in the opposite direction to conventional current.

1.1.2 Ampere’s Law and Gauss’s Law for Magnetism

From the Biot-Savart law, we can derive another law that allows us to evaluate the line integral
of the magnetic field over some closed loop, called Ampere’s Law. The proof requires vector
calculus which is out of our scope, so we shall omit it. However, the result is very useful in
determining magnetic fields, especially in situations where there is symmetry. The law states
that for some closed loop C' in space with some net amount of current I, passing through the
loop,

515 B - dl = pipJenc (4)
C

Here, dl is a differential element of C' pointing along the tangent to C' at its position, with
magnitude the length of the differential element.
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Furthermore, there is also an equivalent of Gauss’s law for magnetism, which states that for

any closed surface S in space,
# B.dS =0 (5)
S

Here, dS is a differential element of S whose area vector is normal to the surface at its position
pointing outwards, with magnitude the area of the differential element.

In most general cases, these integrals would not be very useful. However, this law can be used
to greatly simplify the derivation of the magnetic fields due to some symmetric objects.

Example 1.3. Using Ampere’s law and Gauss’s law for magnetism, find the magnetic field,
magnitude and direction, due to an infinite straight wire carrying current I at a distance r from
the wire.

Let us first argue that the radial component should be zero. Consider a cylindrical Gaussian
surface with radius r around the wire and height h.

~n aH
| I\

- - - - \ R
- /I +00
! y

v vhv \'BI’ (agsuminj vt exisf?d)

Suppose the magnetic field has a radial component B, pointing outwards. Then, by rotational
symmetry, the radial component at any point around the wire at distance r will have a non-zero
radial component equal to B,. Hence, the integral evaluated over the curved surface of the

Gaussian surface is
// B -dS = 2arh B,
curved

since the tangential component is perpendicular to the area vector of each differential element,
and thus does not contribute to the integral, and the radial component is parallel to the area
vector of each differential element and is the same everywhere.

On the other hand, consider the integral over the two flat surfaces, top and bottom. By
translational symmetry, the magnetic field at each point on the top surface is the same as that on
the corresponding point on the bottom surface. However, since the directions of dS are opposite
for the top and bottom surfaces, since it must point outwards, we must have that

// B-dS=- // B-dS
top bottom

Therefore, summing all the integrals, the integral over the entire Gaussian surface is

#B-dS—// B-dS—l—/ B-dS—I—// B-dS
S curved top bottom

=2nrhB, + 0= 2nrhB,

Finally, by Gauss’s law for magnetism, this necessitates that B, = 0, since the integral is zero.
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Now, we can conclude that the magnetic field points tangentially. Consider a circular loop C' of
radius r around the wire, where the direction of integration is dictated by the right-hand rule
introduced previously, and suppose the desired (tangential) magnetic field magnitude is B.

B Jddz r

\'d

Then, by Ampere’s law,

pol

515 B - dl = polenc = 2mrB=uyl — B=
C 2rr

which retrieves our result from the previous example.

We have illustrated in this example that Ampere’s law and Gauss’s law for magnetism can be
used in place of the Biot-Savart law in certain situations to determine the magnetic field due to
certain objects. This particular example used a lot of symmetry arguments to argue the radial
component of the magnetic field is zero, but it also allows us to avoid some tedious integration.
Most of the time, when using Ampere’s law, the intuition that currents produce magnetic fields
with only tangential components help to avoid the lengthy reasoning of using Gauss’s law of
magnetism to show a component is zero.

Remark. The condition for a field v to be conservative is that for any closed loop C,

ygv-dl—O
C

Ampere’s law states that, on the contrary, the integral is pglen. for the magnetic field. This
means that magnetic fields are non-conservative!

1.1.3 Common Results

There are a few common results for the magnetic fields due to various current distributions that
you should aim to remember. These can be derived easily by the Biot-Savart law or Ampere’s
Law, which will be left as exercises to the reader.
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Setup

Diagram

Field Magnitude

Infinite straight wire

Finite straight wire

Hol
2nr
I
% (cos b1 + cos B)

1
Circular wire loop ‘ %
T 2
Circular wire loop %
® 2(R? 4+ x2)2
I
I
Infinite Solenoid ponl

Nno. of turng
lens-th

Note that steady currents must be either closed or infinite, so a finite straight wire cannot
carry steady current — but we can superimpose setups and their magnetic fields to give valid
configurations.

Example 1.4. Find the magnitude of the magnetic field at the center of a square loop of side
length [ carrying current 1.

Since there are four segments of wire which produce equal magnetic fields in the centre of the
loop, applying the formula in the table above,

2v2p01

1
B =41 (cos45° 4 cos 45°) = i
s

"l
47T§
Simple.

1.2 Magnetic Dipoles

An important object of study that produces magnetic fields are magnetic dipoles. Magnetic
dipoles are very similar to electric dipoles, in which they carry a magnetic dipole moment
which produces a magnetic field similar in form to an electric field. Let’s begin by illustrating
with an example.

1.2.1 Magnetic Dipoles are like Electric Dipoles

Example 1.5. A circular loop of wire with radius R carrying current [ is placed with its centre
at the origin in the zz-plane, with the current pointing anticlockwise when viewed from the
+y-axis. Assuming that z,y > R, find the magnitude of the magnetic field at the points (i)
(x,0), and (ii) (0,y).

(i) We need to consider some geometry in this case, as shown in the diagram below.
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Using the Biot-Savart law, we have

2r | ((Rcos 0)i — (Rsin 0)lA<> dé x ((x — Rsinf)i— (Rcos G)E)

B = Mo
=0 - —
TJo ‘(m—Rsin@)i— (Rcos@)k‘
IR, [*™ R —xzsin6
— MZ J/ ' - do
T Jo (22 —2zRsinf + R?)?2

IR, [? sinf — &
-ttty | o
O (1= Bsing 1 &)

Let u = %, so when z > R, u < 1. We can perform a Maclaurin series approximation of the

integrand to first order in u and get

sinf — u

(1 —2usinf + u?)

. 3 . 9
g ~ (sin@ — u) (1 + 3 (2usm9—u ))
~ (sinf — u) (1 4 3usin6)
~ sin 0 + (3811120— 1) u

Finally, taking the magnitude and performing the integration,

I 27 I I 2
B¢~“°R/ (Sin@—i—(SSinQG—l)R)dH:MOR(O—FWR):'MOR.
0

A2 x A z 43

(ii) This case is a direct application of a formula provided previously and the use of some
approximation,

polR*  polR?

B =
: 2(R? +¢?): 2y°

since y > R.

The first part of this example is one of the more difficult examples here, requiring the use of some
geometrical considerations, evaluation of cross products and a tricky first-order approximation.

1.2.2 Magnetic Dipole Moment

The previous example illustrates the similarity between a small current carrying loop of wire
and an electric dipole, where the magnetic field on- and off-axis seem to be analogous to those
of the electric dipole (for example, note the "factor of 2 difference" between the two expressions).
Indeed, we can consider the small current carrying loop of wire to be a magnetic dipole,
carrying some magnetic dipole moment m analogous to the electric dipole moment p of an
electric dipole.
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If we compare the expressions and consider the analogy between the fundamental constants

47360 &~ Z—ﬁ as well as the dipole moments p <> m, we can determine that the magnetic dipole

moment of this current carrying loop of wire has magnitude m = Irr2.

In fact, for any current carrying loop of wire with area vector A, we define the magnetic dipole
moment m of the wire as
m=TA (6)

Magnetic dipoles are very important objects as they also show up very often — for example, a
typical bar magnet can also be considered a magnetic dipole.

We can also define the magnetic moment of a solenoid as
m= NTA (7)

where N is the number of turns of solenoid, since the magnetic field is amplified by N times
in the solenoid. Then, we can express the expressions for the magnetic field at a displacement
perpendicular and parallel to the dipole respectively as

Mo
B, = 8
L7 43 (8)
Mo
By = 9
[y (9)

where m = |m]| is the magnitude of the magnetic dipole moment. These formulas would be
useful to memorise.
1.2.3 Torque and Potential Energy of a Magnetic Dipole

Similar to the electric dipole, the magnetic dipole also has expressions for the torque exerted on
it and its potential energy in a uniform external magnetic field B.

We have that
T=mxB (10)
U=-m-B (11)
where analogous to those of the expressions for an electric dipole through p <+ m and E + B.

It seems unusual that we can define a potential energy in the case of a magnetic dipole, since
magnetic fields are non-conservative. We will see later that in this case, the magnetic force
acting on the current loop is zero, and so the work done by the magnetic force to orient the
dipole only depends on the magnitude of torque and angle, which makes the work depends only
on the initial and final angles. This does allow us to define a potential energy, but only for
magnetic dipoles.

1.3 Magnetic Forces

Now, we shall get into how magnetic fields exert forces on charges.

1.3.1 Magnetic Force
The force exerted on a charge ¢ moving at velocity v in an external magnetic field B is
Fp=qvxB (12)

This is the magnetic force, and it is essential to studying the dynamics of systems.
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Example 1.6. A point charge ¢ with mass m is travelling in the xz-plane at a speed of v in the
+z-direction. When the electron reaches the origin at ¢ = 0, a magnetic field B pointing in the
+y-direction is instantaneously switched on. Determine the motion of the charge after ¢ = 0.

After t = 0, the only force acting on the electron is the magnetic force, so using Newton’s 2nd
law,

ma=qvxB — a:@(ﬁxj)
m

To analyse the motion of the charge, we do not need to use any differential equations. Instead,
note that the magnetic force is always in the xz-plane and perpendicular to the velocity (because
of the cross product). This must imply that the magnetic force does not do work which
implies that the kinetic energy, and so the speed, of the charge will remain the same. Hence,
the acceleration has constant magnitude and always points perpendicular to the velocity, so the
charge undergoes circular motion.

The initial acceleration points in the +z-direction, so the charge travels clockwise when viewed
from the +y-axis. Considering the centripetal acceleration,
2
v quB mu
R m qB (13)
where R is the radius of the orbit. This is often called the cyclotron radius. We can also

calculate the angular frequency as
v qB
Ww=—==—

R m
often called the cyclotron frequency. These expressions are also useful to memorise.

(14)

With the expression for the magnetic force on a charged particle, we can find the magnetic force
on a current carrying wire by considering the magnetic force on a moving charge in the wire

dFp=dgvxB=IdtvxB=1dlxB

which upon integrating gives
Fp= / Idlx B (15)
wire

In a region of uniform external magnetic field and in a wire carrying uniform current, we would
then have

Fp=1(1xB) (16)
which implies that not only does the force on a finite wire depend only on the endpoints (as

they uniquely determine 1), but also that a current carrying loop of wire in a uniform external
magnetic field experiences no net magnetic force.

Example 1.7. Find the net force per unit length between two parallel infinite wires separated
by distance r carrying currents I; and Is in the same direction.

The magnetic field at the second wire due to the first is

pol
B p—
2rr

so the magnetic force between the wires is

I LB
Fg = ILIB = Hol1f2t D
27r
since the second wire is perpendicular to the magnetic field due to the first. Therefore, the
magnetic force per unit length is
_ olil2B

F;
! 2rr

(17)
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This is an equation that would also be useful to memorise. Analysing the cross products more
carefully will result in the deduction that the magnetic force is directed towards the other wire,
i.e. like currents attract, and similarly unlike currents repel.

1.3.2 Lorentz Force

The Lorentz force is the combination of both the electric and magnetic force,

F=¢(E+vxB) (18)

Example 1.8. A point charge ¢ with mass m starts from rest at the origin. At ¢t = 0, an
electric field F pointing in the +x-direction and a magnetic field B pointing in the +y direction
is instantaneously switched on. Determine the motion of the charge after ¢t = 0.

This time, we need to solve some differential equations. Since the electric and magnetic forces lie
in the zz-plane and the charge starts from rest, its motion is confined to the zz-plane. Hence,
writing the equations of motion,

ma=¢q(E+vxB) — a= % (Ei + (vﬁ + vzﬁ) X Bj) = % ((E - sz)f + BvxlA()

Separating the components, we have that

B
Uy = g (E — Bv,) v, = q—vz
m m

This set of coupled differential equations are easier to solve than it looks — taking the time
derivative of the first equation gives

. qB . . m
Uy = ——10, == 0Uy=———
m

which can be substituted into the second equation to give

m . ¢B ) ¢’ B?

=—Vp == Up=——F5U
m m

This is just the equation for a simple harmonic motion, and using the initial conditions provided

gives
. (qB )
Vp = vgSin | —1
m

for some vgy. Differentiating and substituting into the other equation,

B B FE B
2770 o8 (qt> e (F—Bv,) = wv,= 5 Vg COS (qt)

m m m m

which tells us that vy = % from the initial conditions. Finally, integrating both equations and
use the initial conditions once more gives the equations of motion,

x—mE(l—cos(th>) z—E<t—msin(th>)
- ¢B? m B qB m

There are two interesting things to note about this motion.

1. Even though the electric field points in the +xz-direction and the magnetic field points in
the +y-direction, as seen from the constant term in the z-component of the velocity, the
charge ends up travelling in the +z-direction on average! This is called the E x B drift.

10
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2. If we go into a frame moving at the drift speed % in the +z-direction, the charge can
be observed to travel in a circle. Although out of scope, this can be explained with the
concept of field transformations. In this frame the electric field transforms to be zero,
so the charge travels as if its just in a magnetic field, which we showed previously to be
circular motion.

This is an example to illustrate the use of the Lorentz force. We shall now look at some
applications of the Lorentz force.

1.3.3 Velocity Selectors

Velocity selectors use perpendicular electric and magnetic fields to "select” charges that are of
a certain velocity. Any charges passing through the velocity selector moving at either a faster
or slower speed will be deflected (in opposite directions) to either side, while charges with the
desired speed will pass right through undeflected.

Velocity selectors are typically used in mass spectrometers, where charged particles are ionised,
passed through a voltage and then put through the velocity selector, after which particles pass
through a magnetic field. The charge to mass ratio of the particle can then be determined by
the radius of the trajectory in the magnetic field.

‘ + . PP I
@® | R |
@@ ® @ > @ — . . Magnetic
@@ | 1V 1 *3is. field region
. Aoy . . .
v ES o ; % * Bouttoward
lonization Accelerating Velocity Cen o e
voltage applied selector < ‘,' '
T
L .
After ionization, acceleration, s| | @ -
and selection of single velocity 5 K
particles, the ions move into 3 i
a mass spectrometer region o
where the radius of the path and —@'
thus the postion on the detector A
is a function of the mass. mv mE.S
'=qB = qBB,

For an undeflected particle through the velocity selector, we have that the Lorentz force must

be zero, so

q(F—vB)=0 = wv= g (19)

Any positive (negative) charged particle with too high of a speed will be deflected towards
the positive (negative) plate, and any such particle with too low of a speed will be deflected
towards the negative (positive) plate, which can be deduced by a simple analysis of the relative
magnitudes of the electric and magnetic forces.

Example 1.9. A circular chamber with radius R has a radial electric field £ pointing inwards
and a magnetic field B perpendicular to the plane of the chamber, as shown in the diagram
below. Electrons with charge —e and mass m are to travel in the chamber in circular motion
indefinitely. Find the minimum possible radius where this is possible.

11
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This has the similar concept to a velocity selector, except that in order to remain in circular
motion and not be deflected towards the walls of the chamber, the net force must provide the
centripetal force for the charged particle to remain in circular motion. Equating the Lorentz
force to the centripetal force,

va 2

—e(E—vB):T = %—evB+eE:0

In order to travel in circular motion, some speed v must exist, so the discriminant of the quadratic
equation must be at least zero. Therefore, the minimum radius occurs when the discriminant is

Z€ro,

dmeFE dmFE
— me = 0 e Rmin = m

2 R2
B —_—.
c Rmin €B2

1.3.4 The Hall Effect

When a current-carrying conductor is placed in a magnetic field, moving charges within the
conductor experience a magnetic force due to the magnetic field, which causes them to deflect
perpendicular to the current and the magnetic field. This creates a potential difference across
the conductor which has an electric field. This electric field exerts an electric force on the charges
that opposes the magnetic force, decreasing the rate of potential increase until the Lorentz force
is zero and the system equilibrates. This is termed the Hall Effect.

Example 1.10. A current I passes through a conductor shaped as a cuboid with height ¢, as
shown in the diagram below. Suppose an electron in the conductor travelling along the direction
of current has drift velocity v. Find the potential difference Vi across the conductor, as well as
which surfaces of the conductor exhibit this potential difference.

\ P& [
5\ \ \

12
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The potential difference arises from the accumulation of moving charges. As an electron travels
along the direction of current, it is deflected by the magnetic field. By analysing the direction
of the magnetic force, it is deflected downwards. Therefore, electrons will accumulate at the
bottom surface, creating a potential difference between the top and bottom surfaces. Equilibrium
is achieved when the electric force caused by the potential difference balances the magnetic
force, and a "velocity selector" is created within the conductor where new electrons are no longer

deflected.

With this information, we can then deduce that
v=—=— = Vg=tuvB. (20)
This is termed the Hall voltage.

1.3.5 Magnetic Dipoles, Again

When we analyse the forces on point charges by magnetic dipoles, we can simply use the Lorentz
force with the magnetic field due to the magnetic dipole, as we have illustrated with previous
examples. When it comes to the interactions between dipoles, it can be a little more tricky.
Instead, we can use the potential energy to our advantage, with the relationship between the
force and potential energy as

oUu oU oUu
Fx = —— F = —— FZ e —
ox Y oy 0z

This will allow us to calculate the interactions between magnetic dipoles.

Example 1.11. (Griffiths 6.25a) A familiar toy consists of donut-shaped permanent magnets
(magnetization parallel to the axis), which slide frictionlessly on a vertical rod (figure below).
Treat the magnets as dipoles, with mass mg and dipole moment m. If you put two back-to-back
magnets on the rod, the upper one will "float" — the magnetic force upward balancing the
gravitational force downward. At what height (z) does it float?

a

T

The top magnet’s position with respect to the bottom magnet’s is parallel to its magnetic dipole
moment. Using the previously given formulas, the magnetic field at the top magnet’s position
due to the bottom magnet is

13
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and so the magnetic potential energy is

_ _ polm]?
U=t -B= 2mz3

since the magnetic dipole moment of the top magnet and magnetic field due to the bottom
magnet are antiparallel. We can then differentiate the potential energy along the z-axis to get

d (Mo\m|2> _ 3polm/?

Po—_2 —
m dz \ 2mz3 2mzd

This is the magnetic interaction between the two magnets. Finally, equating this to the
gravitational force at equilibrium gives

3410 |m ? gy = = 3puo[m|?
2zt d 2T myg

1.4.1 Conservation Laws

1.4 Ideas

A very useful trick for problems involving magnetic forces are conservation laws. As an
example, consider a point charge moving in a (possibly non-uniform and non-constant) magnetic
field B. We can compute the work done in some small time d¢ on the charge as

dW =F -dr=¢q(vxB)-vdt=0

which arises since the cross product of two vectors is perpendicular to both of them, and so the
dot product is zero. This means that in the absence of other forces, the kinetic energy of the
charge is conserved by the work-energy theorem.

The example below illustrates the use of another conservation law we can construct ourselves,
which we have encountered numerous times in olympiads and is very worth understanding.

Example 1.12. (SPhL 2024, adapted) An electron with charge —e and mass m is projected
with initial velocity vg at an initial distance yg from an infinitely long wire carrying current I.
The direction of initial velocity is perpendicular and directed away from the wire. Determine
the maximum and minimum distances ymax and ymin of the electron from the wire.

Let the wire lie along the z-axis with current pointing in the —x-direction, and let the electron
be initially projected in the +y-direction.

B
Fm®

+y
L%—m o

Solving for the equations of motion of the electron will be mathematically difficult. Instead, let
us first consider Newton’s 2nd law in the z-direction,

dvy  pole dy
dt  2mmy dt

ma, = Bev, =

14
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The trick that we shall use is that since we do not require any time dependence, we can multiply
both sides by dt to eliminate the time dependence, which results in a differential equation we
can solve.

1 1
HoZ€ 4 = vx—'uoeln(y
Yo

2mmuy, >
2mmy © 2mm
where we have used the initial condition that v, = 0 when y = yo.

) = s (ZD
Hole

dv, =

Now, since the magnetic field does no work on the charge, its kinetic energy is conserved, i.e. its
speed is constant. Therefore, at the maximum and minimum distances, where v, = 0, we must
have v, = £wvg respectively by considering the direction of the force. Hence, we can solve for the
maximum and minimum distances as

2mmug
Ymax = Yo €XP )
pole
( 27va0>
Ymin = Yo €Xp | — .
pole

In many cases of Olympiad problems with "charges in fields" as such, we do not need to explicitly
solve for the full equations of motion as a function of time. Instead, we really only concern
ourselves with initial and final states (in this case, final distance), which makes conservation laws
extremely useful. Very often they are used in conjunction with some other laws like conservation
of energy and a constraint equation implied by the problem statement (in this case v, = 0 at
max distance from the wire).

1.4.2 Magnetic Monopoles

Previously, we talked about Gauss’s law for magnetism,

#BdSzO
S

which, comparing to Gauss’s law for electricity, essentially states that there are no magnetic
charges, i.e. magnetic "sources' and "sinks", and so there can never be a non-zero magnetic flux
through a closed surface.

However, sometimes problems do consider hypothetical scenarios where these magnetic charges
actually exist! In these cases, Gauss’s law for magnetism has to be modified, since it is then
possible for the magnetic flux through a closed surface to be non-zero if it encloses such a
fictional magnetic charge. In such a case, a magnetic charge ¢,,, which has units A.m, would

have a radial magnetic field
_ Hodm

42
pointing outwards for a positive magnetic charge and pointing inwards for a negative magnetic
charge, and in the absence of electric fields will be subjected to a force

F =q,B (22)

(21)

This is analogous to the electric field generated by an electric charge. These magnetic charges
are also termed magnetic monopoles.

Now, if we assume the existence of hypothetical magnetic monopoles, Gauss’s law for magnetism
then becomes

#9 B-dS = HoGm enc (23)

In general, when dealing with magnetic monopoles, we can consider their corresponding analogies
with electricity and make the appropriate substitutions. We shall see one example of an
application of magnetic monopoles in the next section.
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1.4.3 Gilbert Dipoles

Earlier, we introduced the idea that magnetic dipoles are like electric dipoles, and we computed
the magnetic fields at a displacement perpendicular and parallel to its magnetic moment
respectively by treating a magnetic dipole as a small circular current loop. This is the notion of
an Amperian dipole, being the limit of a circular current loop as its size approaches zero.

On the hand, armed with the knowledge of magnetic monopoles, we can also introduce the
notion of a Gilbert dipole. This is analogous to that of an electric dipole, where a Gilbert
dipole is comprised of two magnetic charges +¢,, separated by displacement d pointing from
the negative to positive magnetic charge, and its magnetic dipole moment is then

m = ¢,,d (24)

It is left as an exercise to rederive the previously obtained results that it does give the same
magnetic field, and it is indeed analogous to an electric dipole. The Gilbert dipole thus generates
the same magnetic field as an Amperian dipole outside itself. The only limitation is that the
Gilbert dipole does not accurately reflect the magnetic field within the dipole, since it points in
the wrong direction. However, it is perfectly fine to use it to determine magnetic fields outside
the dipole.

This is a very powerful tool in simplifying some problems. Let’s work through an example that
is initially very intimidating, but can be drastically simplified using this concept.

Example 1.13. (IPhO 2022 T1, adapted) Identical spherical magnets of diameter 6 and magnetic
dipole moment m, bound together by magnetic attraction, form a chain. Obtain an expression
for the magnitude of the magnetic B-field at such a point P which is at distance r from one of
the chain’s endpoint O, and the angle between the chain and the line OP is 6 (c.f. figure below),
assuming that [ > r and rsin§ > §.

o

0

An TPhO problem? Scary! Well, we shall see that this problem is not actually as bad as it seems,
using the concept of Gilbert dipoles.

Recall that we can consider a magnet as a magnetic dipole with moment m. For the spherical
magnets to be bound together by attraction, their magnetic domains need to be aligned (you
can verify this yourself), so they all point along the chain. Now, if we treat the magnetic dipoles
as Gilbert dipoles, then we can consider each magnet to be two magnetic charges ¢,, separated
by some distance d such that m = ¢,,d, where the two charges lie along the chain.

16
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Here’s the trick — we shall let d = §, as in the figure below.

cancelied out

Since [ > r > rsinf > 4, it is valid for us to let d = 6. When we do so, we realise that the
opposite magnetic charges from adjacent magnets overlap, and thus cancel! This happens for all
magnets, except for the magnets at the endpoints. Hence, we have reduced our chain of magnets
to just two magnetic charges at the endpoints! Furthermore, since [ > r, the magnetic field due
to the magnetic charge at the other endpoint is negligible compared to the one at O.

Therefore, to compute the magnetic field at P, we only need to consider the magnetic field by
the magnetic monopole at O, where we can consider to be at the centre of the magnet since

rsinf > 4,

_ Ho9m _ HoT

o Anr? 4mr26
We even know the direction of the magnetic field at P — it points radially from O, either outwards
or inwards, depending on the orientation of the magnetic moments of the magnets which were

not specified. Amazing!

17
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2 Problems

Problems are arranged in roughly increasing difficulty.

Problem 2.1 (SPhO 2020). A beam of protons with kinetic energy 10 MeV is travelling is
the positive z-direction. It enters a magnetic field of magnitude 0.15 T and the direction of
the magnetic field is in the position z-direction. The magnetic field extends from z = 0.0 m to
x = 2.0 m as shown below. Determine the angle o between the initial velocity vector of the
proton beam and the velocity vector after the beam emerges from the magnetic field.

Solution. The speed of the beam is

[2K
v=1/"— =4.377 x 10" m/s
m

and so the radius of the circular path of the beam within the magnetic field is

muv
= — = 0.3045 m.
r=-_3 m

Problem 2.2 (SPhO 2019). In a helium dilution refrigerator, 3He and “He are mixed in a special
chamber to obtain extremely low temperatures. The isotopes are sent through a Bainbridge
mass spectrometer. (i) The strengths of the electric and magnetic fields in the spectrometer
are 100 Vm~! and 0.2 T respectively. Calculate the speed of an ion which passes successfully
through the velocity filter. (ii) Deduce if the spectrometer can resolve the two isotopes if the
exit slit of the velocity filter is 1 mm wide.

Solution. (i) This is a velocity selector, so the speed of an undeflected ion is

E

V=g = 500 m/s.
(ii) The cyclotron radius is
mu
r=—
qB

so the distance between the two isotopes after exiting the magnetic field having rotated 180° is
the difference between the two diameters,

Azx = M = 0.0256 mm
qB

which is less than the size of the exit slit, 1 mm, so the spectrometer cannot resolve the two
isotopes as they will both exit the velocity filter.

18
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Problem 2.3. Show that the magnetic field on the axis at a point very far away from the centre
of a solenoid is approximately half the magnetic field at the centre of the solenoid.

Solution. It is tempting to calculate the magnetic field directly, by considering the solenoid as
a series of current loops. However, this question only requires an approximate relation, and it
turns out that we only require a very simple symmetry argument to prove this fact.

The magnetic field at the center is Beenter and the magnetic fields at both edges (by symmetry)
are Begge. Now, suppose that we put two long solenoids of the same length together end-by-end.
The magnetic field at the connected end is 2Bcgge by superposition. But, the combination of
solenoids should effectively make a new long solenoid, and the connected end is at the center of
the new solenoid, so it should also have a magnetic field that is approximately Beenter- Therefore,
we must have Beenter & 2Begge, i-€. the magnetic field at the edge, very far away, is approximately
half that at the center.

Problem 2.4 (Ricardo). The following figure shows a square loop that has 20 cm long sides
and is on the z = 0 plane with its center at the origin. The loop carries a current of 5.0 A. An
infinitely long wire that is parallel to the z-axis and carries a current of 10 A intersects the
z-axis at z = 10 cm. The directions of currents are shown in the figure. (a) Determine the net
force acting on the loop. (b) Determine the net torque acting on the loop. (c¢) Explain why this
torque cannot be found using 7 = m x B.

Solution. (a) It is clear that the wire segments parallel to the y-axis do not experience any force.
Consider the wire segments parallel to the z-axis.

1 Y
N
] \
' e N\
B : 5] F ' \
' | \ I
e [ LN [] \
NN i
T e
' F
R® 10
|
The magnetic field is
B— o Lwire
/ 2
27 zg + (%’)
and so the force acting on each segment is
OIwirejloopl(]

F = Ipoplo B = 107eloonlo
2 lo
om\/28 + (%)
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Hence, the net force is

Lyirehoopl]
Frep = 2Fsin = —00ellond 905 1975 N,
2 <z§ + <%0) >
(b) The net torque is then
! LyiveDioopld
Toet = 2F = cos 0 = HOZwirel0op0%0 _ 9 () » 106 N.m.

2
2 o <z§ +(%) )
(c) We cannot use 7 = m x B, although the loop is a magnetic dipole, because the loop is large.

The formula only works for magnetic dipoles which can be effectively treated as a point dipole
so that the magnetic field in the vicinity of the dipole can be considered uniform.

Problem 2.5 (Ricardo). A point charge of charge ¢ and mass m is moving in the xy-plane. It is
launched from point (—a,0) with speed v. The region above y = f(x) is filled with uniform and
constant magnetic field B going into the page. It is observed that no matter in which direction
the initial velocity is directed, as long as the charge enters the magnetic field region, it will pass
through the point (a,0). (a) What is the sign of the charge? (b) With what speed does the
charge pass through (a,0)? (c) Find the function f(z).

\Y

=V

Solution. The important fact that this question requires is that the trajectory of the point charge
in the magnetic field is circular.

(a) Analysing the direction of the forces on the charge leads us to deduce that in order for the
charge to turn clockwise, its charge must be negative.

(b) Since the magnetic field does not do any work, the kinetic energy of the charge, and so its
speed, is constant. Hence, the charge also passes through (a,0) with speed v.
(c) The radius of the circular trajectory in the magnetic field is

mu

qB
where the negative is since the charge is negative. Now, consider some geometry as shown in the
diagram below.

4

=V
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The function f(x) must also be even, since the setup is symmetric about the y-axis. Therefore,
we must have

y ] alz| — 2°
a— |zl Vr? — a2 (mfu)2_x2
qB

Problem 2.6 (Ricardo). A toroid with a square cross-sectional area (as shown in the picture)
with dimensions a x a has N turns of wire. The current flowing is I. The inner radius is R. (a)
Find the magnetic field at (i) » < R, (ii) R <r < R+ a, (iii) r > R+ a. (b) Plot the magnetic
field as a function of radial distance r. (c) Show that if « < R, then the magnetic field inside
the toroid is almost uniform and has a similar form to the magnetic field due to an infinitely
long solenoid.

Solution. (a) Consider an Amperian loop that is a concentric circle with radius ». We have that
by symmetry,
o lenc

2mr

§1§B-dl_27rrB_,uOIenC — B=
(i) For r < R, Iene = 0 since the Amperian loop is completely within the hole of the toroid, so
B=0.

(ii) For R < r < R+ a, Iene = NI since the Amperian loop contains the part of the wire at the
inner radius, but not the part of the wire at the outer radius, so

B_ NONI.
27r

(iii) For r > R+ a, Ienc = NI — NI = 0 since the Amperian loop contains both parts of the
wire carrying currents in opposite direction, so B = 0.

(b) Using the results of the previous part, we can plot the graph of the magnetic field as follows.

B

N
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(c) If a < R, then for R <r < R+ a, B(r) = B(R), so the magnetic field inside the toroid is

almost uniform with value
=t a1
= o7r MO

Problem 2.7 (SPhO 2014). Among the first successes of the interpretation by Ampere of
magnetic phenomena, we have the computation of the magnetic field B generated by wires
carrying an electric current, as compared to early assumptions originally made by Biot and
Savart. A particularly interesting case is that of a very long thin wire, carrying a constant current
i, made out of two rectlinear sections and bent in the form of a "V", with angular half-span «
(see figure). According to Ampere’s computations, the magnitude B of the magnetic field in
a given point P lying on the axis of the "V", outside of it and at a distance d from its vertex,
is proportional to tan (%) Ampere’s work was later embodied in Maxwell’s electromagnetic
theory, and is universally accepted.

Using our knowledge of electromagnetism, (a) find an expression of the magnetic field B in
terms of the given quantities and any other relevant constants. Also, indicate the direction of
the magnetic field. (b) Compute the field at a point P* symmetric to P with respect to the
vertex, i.e. along the axis and at the same distance d but inside the "V".

Solution. (a) Using the well-known formula for the magnetic field due to a segment of wire as
well as superposition, we have that

_ pol 1 —cosa  pol

1
B = QZL (cos (180° — av) + cos 0°)

= = t
r 2rd sino 2md an

5-

Here, we used the observation that the angle between P, the other end of wire at infinity and
the vertex is zero, as well as a half angle identity. This formula can also be determined by the
Biot-Savart’s law, which we omit here.

(b) By similar argument,

ol o pwol 1 +cosa pol «
B=2— 0°) = — = t—.
47y (cosa + cos 0°) 2rd  sin« 2md c0 2

Problem 2.8. (a) Determine the magnetic field due to a circular loop of wire of radius R, at a
distance = above the centre of the loop. (b) By modelling the solenoid as many such circular
loops and applying the result of part (a), show that the magnetic field in an infinite solenoid of
turn density n and current [ is B = pgnl.

R
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Solution. (a) This is a well-known formula — we derive it here. By Biot-Savart’s law, taking a
cylindrical coordinate system and evaluating cross products with caution,

B Mo ™ [(RA0)O x (2 — R¥)  molR
4r Jo |22 — Ri|’ 4 (R? + a2

piol R?
2(R*+ :):2)%

V7

27
)3/ (2f + R2)do =
2 JO

The integral obtained after simplification is a little tricky — the second term is easy because Z is
independent of 6, but the first term is not immediately obvious since the direction of # depends
on 0. However, we can see that the first term evaluates zero. Consider the average value

1 2
Tave = 271/0 rdo

Clearly, this should evaluate to zero since as 6 changes from 0 to 27 at constant speed, T rotates
around the origin at constant speed. Hence, the first term in the integral indeed evaluates to
Zero.

Therefore, we have that
piol R?
L —
2 (R? 4+ 22)2
(b) Here, we neglect the winding of the solenoid and consider it as many circular loop, separated
by distance % Treating the position of consideration as x = 0, the position of the N-th loop is

%. Hence, summing up the contributions to the magnetic field by each loop by superposition,
we have

B =

- piol R?

B= 2 N
N—OOQ(R2+(?{) )

We can then approximate this sum as an integral to get

B~ / > pol R? dy = ol R? /00 1 a
2 (R (2)) Pl ()

e

3
2

The integral can be evaluated easily to 2%, so we have
ol R? 2n B
B 5 pond.

Problem 2.9 (SPhO 2009). The figure below shows the principle of operation of a crossed-field
photomultiplier. A sealed and evacuated enclosure contains two parallel plates called dynodes.
These plates provide the electric field E. An external permanent magnet superimposes a magnetic
field B. A photon ejects a low energy photoelectron. The electron accelerates upwards under
the electric field but it is deflected to the negative dynode by the magnetic field. On impact
with the dynode is ejects a few secondary electrons and the process repeats itself until eventually
the electrons impinge on a collect C. Assuming that there is a steady voltage V' between the
plates and that the first photoelectron is emitted with zero initial speed, i.e. % = ?Tf =0 at
x =1y =0, (i) write down differential equations to describe the horizontal and vertical velocity of
the electrons as a function of z and y, (ii) solve the differential equations for z(t) and y(t) (this
trajectory is a cycloid), (iii) find the maximum value of y, and (iv) determine the value of a.
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Solution. The derivation for the equations of motion is similar to Example 1.8, except the electric
and magnetic fields point in different directions. We will only quote the relevant results with the
appropriate changes to the directions.

(i) , ,
vx—i-(eBe) Uy = — vy—i-(eé) Uy =0

) me . eBt mekF eBt
x(t) = B (t — —psin — ) y(t) = 5 (1 — cos )

Me

(i)

(iii) The maximum value of y occurs when the value of the cosine in the expression is minimum,
—1, so
2m.FE

Ymax = B2
(iv) The value of a is the value of x after a period. The period is

2mTme

T —
eB

so the value of a is

. E <27Tme Me . eBQde> _ 2mmeE

B\ eB B Me eB?

Problem 2.10. Although the field inside a Gilbert dipole does not accurately represent the
internal magnetic field of a magnetic dipole, it is interesting to analyse the field within the
Gilbert dipole. Consider a Gilbert dipole consisting of two magnetic charges +g¢,, at (ig, 0, 0)
respectively. A magnetic field line exits the positive magnetic charge at an angle 6 clockwise
from the —zx-direction, intersects the y-axis at h and enters the negative magnetic charge at an
angle 6 anticlockwise from the +x-direction. Find h.

Solution. Do not be intimidated by the presence of magnetic monopoles — this problem is
effectively the same as one involving electric charges. The key to solving this problem is
considering flux.
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The field lines that pass through the circle of radius h at the origin emanate from the magnetic
charge +¢,, subtending a half angle 6. These field lines subtend a solid angle of 27(1 — cos ), so
the flux through this surface is

27(1 — cos 50
g = Quoqm = HoGm sin® -
47 2
where we used a half-angle identity. On the other hand, we can compute the magnetic flux by
considering the magnetic field on the yz-plane and integrating over the surface of the circle, and
we get that the flux through the surface is

h h d h
5 d
0 0 0

A7r? r

The integral evaluates easily to 2 (é - ﬁ), SO
dp = 1 d
b= potn (1= =

Equating the two expressions, we can then solve for h as

sin2g— <1—d> — h—é sec4€—1
Hoqm 2 = Hodm d2 —|—4h2 = B 5 .

Problem 2.11 (IPhO 1996 T1). Two straight and very long nonmagnetic conductors Cy and
C_, insulated from each other, carry a current I in the positive and the negative z direction
respectively. The cross sections of the conductors (hatched in the figure) are limited by circles
of diameter D in the x-y plane, with a distance g between the centres. Thereby, the resulting
cross sections each have an area (%W + %ﬁ) D?. The current in each conductor is uniformly

distributed over the cross section. Determine the magnetic field B(x,y) in the space between
the conductors.
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Solution. The key to this problem is superposition, since the hollow region in the center can be
considered the superposition of two opposing currents. Suppose instead there were two circular
wires carrying uniform current I’ in opposite directions, with centers coinciding with those of
the original setup and with the same current densities. Since the current is proportional to the
area for the same current density,

%DQ 67 ,
(leﬂ T %\/g) D2 2r+3V3

!/

For one of the wires carrying current of magnitude I’, by considering an Amperian loop that is
a circle with r with center coinciding with the conductor’s, the magnetic field at distance r from
the center is
27/ !/
wrel 2u0l'r
§I§B~d1_27rrB_MOIenC — pB=H — 2o

2mr §D? D2

Then, considering the direction of the magnetic field, the magnetic field due to a circular wire
carrying uniform current I’ at displacement r from the center within the wire is
. 2”0[’

__ pYs La 8 B
B(r) = Br1+Br']_ D2 ( y1+xj>

Now, superimposing both conductors and realising that the new displacements from the centers
of currents +I" and —I' are r + %i and r — %i respectively,

_2M0I/ o DY ; o DY » _MOI/¢
=28 (ot e ) (e - 2)9) -5

Therefore, the magnetic field is uniform in the space between the conductors, and its value is

- 6MOI
P o svB) D

Problem 2.12 (SPhO 2016). Two infinitely long concentric hollow cylinders have radii a and 4a.
Both cylinders and insulators; the inner cylinder has a uniformly distributed charge per length of
—+A; the outer cylinder has a uniformly distributed change per length of —\. The inner cylinder
is rotating clockwise aobut its axis with an angular velocity w < £, where c is the speed of light.
Assume that the permeability of the dielectric cylinder and the space between the cylinders is
that of free space, 1. (a) Determine the electric field for all regions. (b) Determine the magnetic
field for all regions. (¢) Determine the Poynting vector S = %E x B, for all regions.

26



FIZIKA SPhO Handouts

Solution. (a) By considering a cylindrical Gaussian surface of radius 7,

Al Az
#E-dSZQﬂ'rlE:qenC: a a<7"<‘4a E E: 27FT‘60 a<’r<‘4a’7
€0 0 otherwise 0 otherwise.

(b) The Amperian loop here is a little trickier. Consider a rectangular with two sides parallel to
the axis of the cylinder, one of them within the cylinder and one of them infinitely far away, and
with its extended plane passing through the axis of the cylinder.

¥ - 00

”,

v

The magnetic field on the bottom side is uniform and parallel to the axis, the magnetic field on
the perpendicular sides is zero as the field should be tangential, and the magnetic field at the
last side is zero as it is infinitely far away. Then the only contribution to the integral is by the
side in the cylinder, and

poAlw LoAw
< < a,
%B-dl:lB:MOIenC:{ a4 — B:{zw r=a

0 otherwise 0 otherwise.

Problem 2.13. An electron and a positron are separated by distance g = 100 um in a region
of uniform magnetic field B = 1.00 mT that is perpendicular to the line joining both charges.
Given that the two charges are released simultaneously from rest, find the minimum distance
rmin achieved between them throughout their motion.

Solution. The motion paths of the electron and positron are shown in the diagram below. Since
both particles have equal but opposite charges, and the same mass, the forces acting on them
are symmetrical, and so their paths are symmetrical.
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Without loss of generality, we consider the motion of the positron. Let the positron have charge
g and mass m. The two forces acting on the positron are the electrostatic force F, and the
magnetic force F,. They are each given by:

k:q2
Fo=2
€ ’["2’

F,, = Bqu

Because the magnetic force acting on the positron is always perpendicular to its velocity, the
magnetic force does no work on the positron. Hence the gain in kinetic energy of the positron is
only due to the loss of electric potential energy:

EPE; = EPE; + KE;
2 2

q q 1 2) q2 2 2
_ - _ 9 (2 - _
4dregro 4megr + <2mv 4dmegr vz +vy)

When the distance between the positron and the electron is a minimum, v, = 0. Hence, we need
to find vy, which is done by considering the force along the y-axis (due only to the magnetic
force):

F, = F,;, cos = Bqu,

dv, dz dzr
—= = Bg— = Bg— = mdv, = Bqd
M TP T Pl Ty T 2
Bq (ro—T
= Bgqr = v, = —
muy qr = vy m( 5 )

Therefore, we substitute the above expression for v, to obtain:

2 2
q q 2
- = — + mv
4dmegro 4dmegr Y
___ ¢ Bro—r)
4megr 4m
1 /1 1 B2(rg —1)? 9 m
-——— | = =7r"—rgr+ ——— =0
dmeg (7" 7"0) 4m 0 meoB2r
The solution to this quadratic equation is:
2 4
r = TO o TO o 71'80?27’0
- 2
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and we take the negative square root of the discriminant since we want the minimum distance.
Substituting numerical values, the minimum distance is:

Problem 2.14 (Kevin Zhou/Griffiths). A spherical shell with radius R and uniform surface
charge density o spins with angular frequency w about a diameter. (a) Find the magnetic field
at the sphere’s center. (b) Find the magnetic dipole moment of the sphere. (c) It can be shown
that (1) the magnetic field inside the sphere is uniform, and (2) the magnetic field outside the
sphere is exactly that of a magnetic dipole. (It requires doing some obnoxious integrals.) Using
this information, make a qualitatively accurate sketch of the field. (d) There is a closely related
question in electrostatics: suppose we had two solid spheres of the same radius R, with volume
charge densities +p, and the spheres were displaced by a tiny distance d < R. Qualitatively,
what would the electric field of this setup look like, for » < R and r > R? How does it differ
from your answer to part (c)?

Solution. (a) We work in cylindrical coordinates with the axis of rotation as the z-axis. Consider
a small cross-sectional ring of the spherical shell at angle 6 from the z-axis. Its radius is
r = Rsin @ and its perpendicular distance to the center is z = R cos 6, so the current carried by
this ring is

a7 — o(2rrRdo)

T

Using the well-known formula for the magnetic field due to a circular loop on the axis at distance
z from the center,

= owR?sin 0 db

po dI r? _ poR? sin? 6

dB =
2(r? + z2)% 2R3

1
(O'WRQ sin (9) do = i,uoowR sin® 6 d6

Integrating over the whole shell,

1 T 2
B = uoawR/ sin®0df = = pgowR
2 0 3

pointing in the +z-direction, where the trigonometric integral was easily evaluated as %. (b)

Similarly, the magnetic moment of the cross-sectional ring is
dm=dl A= (awR2 sin 0) 7(Rsin#)? df = mowR* sin® 0 dd
which upon integrating over the whole sphere gives

4 4
m = 7rawR4/ sin®0do = §7me4
0

pointing in the +z-direction.

(c¢) The magnetic field is as shown below.
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The important feature is that the magnetic field lines connect at the boundary to obey Gauss’s
law of magnetism, i.e. the magnetic field lines form closed loops.

(d) It’s easy to show by the shell theorem that the field lines will look almost identical to the
previous part, where the field outside reflects that of a dipole and the field inside is uniform.
However, the direction of the electric field within is in the opposite direction (since the field is
conservative, so the line integral of the electric field over the closed path should be zero).
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3 Advanced Problems

These problems are way too difficult to be tested in a modern-day SPhO. If you have completed
all the previous problems and are down for a challenge, try these!

Problem 3.1. An infinitely long charged wire with linear charge density A =5 x 1072 Cm™!
and radius R = 0.1 m is placed inside a uniform magnetic field B = 0.1'T directed parallel to
the wire. A proton leaves the surface of the wire at an initial speed v; in an arbitrary direction.
What is the minimum magnitude of v; required such that the maximum distance from the
surface of the wire that the proton can reach is also R?

Solution. This problem neatly requires deriving a conservation law that from Newton’s 2nd Law,
but not in the usual sense. From Gauss’ Law, we can find the electric field and potential at a
distance r from the wire (r > R):

A
© 2meor’

A 70

V(r):—/r:E(r)dr— In —

E =
(r 2mweg T

where 7 is the reference point with zero potential. By conservation of energy, the velocity of
the particle must hence change as it travels. We consider each of its perpendicular components
separately.

We notice that the axial component of the proton’s velocity is parallel to the magnetic field
and perpendicular to the electric field. Hence, it does not experience any forces due to this
component. This component thus does not affect the maximum distance the proton can reach.
To minimise the proton’s initial velocity, we may set this component to 0 and only consider the
proton’s motion in the plane perpendicular to the wire.

We separate the proton’s velocity into its radial component v, and tangential component v;.
The key here is to consider angular momentum of the proton, which is then L = muv,r, and the
torque about the wire by the magnetic field is 7 = Fgr = ev; Br. Since the electric field is radial,
it contributes no torque. Hence, we have:

Integrating both sides with respect to time, we have:

1 1 1
§€BT2 — §eBR2 =L — Lo = mpvyr — Lo = mpvr — §eBR2 = Ly = const.

This also implies that it is impossible for the proton to reach infinity. When the proton is
farthest away from the wire, we have v, ; = % = 0, hence the final velocity is purely tangential,
Le. vf =y .

Let the farthest distance the proton can reach be 7y = 0.2m. From conservation of energy, we
have:

Z . D _Z AN L)
2T gy MR T2 o, M
1 1 ex T
= §mpv]2c — §mp(vt%i + U?,i) = FEO In Ef (1)
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Using the conserved quantity m,vir — %eBr2 we derived earlier:
1 2 1 2
mpve i R — QeBR = MpUpTy — QeBrf (2)

From (1), to minimise the initial velocity v; = ,/vgi + vfﬂ-, we need to minimise vy. If we assume
that vy is positive, then from (2), to minimise v¢, we need to minimise v;;. This is achieved
when v; = v;; and when v,; is negative. Letting v,; = 0 and solving equations (1) and (2)
simultaneously, we have:

vp A 483215ms ! vy A~ —470695 ms

Our assumption that vy is positive is satisfied, hence v; has minimum magnitude

471000 ms™*

and is purely tangential.

Problem 3.2 (SPhO 2009/2011). A solenoid of length 2/ has an inner radius R; and an outer
radius Ry. The current through the solenoid is 7. (i) Show that the magnetic flux density, B, at
the center of the solenoid is

1
a+ (a? +p%)2
1
14+ (14 p5%)2
where n is the number of turns per square meter and o and [ are functions of Ry, Ry and I.

Write down the expression for o and 3. State the value of k. (ii) Show that the length of the
wire is

B =knllln

L=nV =2mn(a™ —1)5™R"

where V is the volume of the winding and mi, ms and mgs are exponents that need to be
determined. State the value of my, mgy and ms. (iii) Show that the B field at the center of the
solenoid can be written as
PA
B=aG ( U)

Ry

where G depends on the geometry, P is the dissipated power, A = nnr? is the filling factor or
fraction of the coil cross section occupied by the conductor, 7 is the radius of the wire and o is
the conductivity.

Solution. (i) We treat the solenoid as a collection of current loops with minimum radius R; and
maximum radius Ry. Consider one such current loop with radius R carrying current /. The
magnetic field due to this ring at a distance x along its axis is

pol R?

Bring = 3
2(R2 + 22)2

We can then sum up the magnetic field due to all such rings. We can approximate this summation

as an integral to get
IR2 R2 l R2
/ Ko 3nd$dR:u0n1/ (/ de> dR
12(R? +22)2 R \/-12(R?+ 22)2
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The inner integral can be evaluated by a trigonometric substitution to get

l 2
/ R
12 (R2 4 22)? VRZ 2

Rz 1
B = ugnll ———dR
Ho /R1 VRZ +12

The resultant integral can then be evaluated by another trigonometric substitution to get

/Rz 1 AR 1R2+\/R§+l2
- dR=Ilp—- V' =

R VR + 1 Ry + /R + 12

so we have

so we finally have

Ry + \/Ri +zz . ooy (R—f)z+ (%1)2
Ry + \/Rl +1

; — R ' —
Le. a= 3%, f= ¢ and k= po.

B = ponllln

(ii) The length of one wire loop is 2w R, so the total length (approximation the sum as an integral
again) is

Ro l
L= / / 2nRndrdR = 2mn (R} - RY) = 2mn (o® — 1) BR}
Ry —1
i.e. m; =2, mo=1and mg = 3.

(iii) We have that

L I°L Ponmr2(? P)\op3
P=r—=-"-"— all= =
oA onr? " \/27‘(’ (a2 —1)BR} \/27r (a2 —1) R,

Substituting into the expression for the magnetic field,

P)oj3 lnoH—\/m_ 3 lna—l-\/m | PAo
2r(@— )R 1+virer Now@ -0 1y i Ry

in the desired form.

B = o

Problem 3.3 (APhO 2017). Problem T1. There is a reason that this problem is in this set.

Solution. Read the solutions here. The key thing to note in this problem is the analogy between
the superfluid velocity and magnetic fields, and between vortex filaments and current. Armed
with that analogy, the rest of the problem should be easier to approach.

Problem 3.4 (IPhO 2012). Problem T1C. Set by Kalda so you know it’s going to be good.

Solution. Read the solutions here. This is a very difficult problem (but it is very elegant) — don’t
be stressed if you couldn’t solve it.
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